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INTRODUCTION 
1.1 Genera 1 
Shells of revolution have a variety of engineering appl ications. 
Storage tanks, pressure vessels, boilers, and nuclear reactor containment 
vessels are only a few examples where she1 1s of revolution form the basis 
of the structure. 
Access to the enclosed space of the shell is frequently provided 
by means of nozzle openings. For an efficient design of nozzles, the magni-
tude of the stress in the vicinity of the junction between the nozzle and 
the shell is usually of importance. An estimate of the maximum stress at 
the junction as the ratio of the hoop stress in the shell (stress conen-
tration factor) can be obtained from the results based on photoelastic 
a na 1 y sis (1). 
The discontinuity between the shell and the nozzle causes large 
stress concentrations. The presence of such large stresses can result in 
an inelastic material behavior in a small zone near the junction. In most 
cases" for a more efficient and economical design such a small inelastic 
zone can be permitted without endangering the safety of the structure. 
With the recent advancement in computer technology, various approxi-
mate methods of analysis have been developed to obtain solutions to complex 
engineering problems. Among the methods which are well suited for digital 
computers, one of the more versatile is the finite element method. "This 
method due to its adaptabil ity and simpl icity has been used for a variety 
of engineering and mechanics problems. (2) (3) (4) (5) 
1.2 Objective of the Study 
The objective of the present study is the investigation of nozzle 
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openings in shells of revolution. The study consists of (a) development of 
a computer program for the elastic analysis of axisymmetric sol ids of revo-
lution by finite element method and (b) the extension of both the finite 
element method for axisymmetric sol ids of revolution and the computer pro-
gram to include the inelastic material behavior for solutions of nozzle 
openings in shells of revolution. This report summarizes the item under 
pa rt (a). 
It is believed that the isoparametric family of elements is more 
suited for inclusion of inelastic material behavior. A brief description 
of two and three dimensional isoparametric elements is given in Appendix 
IV. 
1 .3 Notat ion 
[a J == geometry matrix relating strains to dis -
placements; 
[b] == {b 1 ... b6 } == pa rametersof the assumed displacement function; 
[C] 
== mater i a 1 property matr i x; 
[g] == matrix relating strai'ns to.pa rameters in the 
displacement funct ion; 
[h] 
== matrix defined by equat ion (3) ; 
[k ] 
== element stiffness matrix; m 
[K] 
== stiffness matrix for the camp 1 ete structure; 
[p] 
== column vector of loads; 
r == r coordinate of the joint m' m , 
[u] == column vector of genera 1 ized displacements; 
z z coordinate of the joint m; 
m 
[E] == {E , E Ee, Erz } == strain matr ix for a typical element; r z' 
[cr] 
== {cr , cr z' cr e' cr rz} == stress matr i x for a typical element. r 
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FINITE ELEMENT METHOD 
FOR AXISYMMETRIC SOLIDS OF REVOLUTION 
2. 1 Genera 1 
The finite element method has been extensively used for the analysis 
of a variety of problems such as plane-stress, plane-strain, sol ids of 
revolut ion, plates and shells, etc. Wilson (2) was one of the first to 
use this method for the anp1ysis of axisymmetric sol ids of revolution. 
Rashid (3) employed the method for obtaining solutions to reactor vessels. 
Although the development of the method and its appl ication to axisymmetric 
sol ids of revolution is well documented in the 1 iterature, for the purpose 
of fami liarizing the reader with the method its basic principles and de-
velopment are briefly mentioned here. A more detailed description can be 
found in reference (2). 
2.2 Determination of Element Stiffness Matrix 
In the finite element method as it is applied to axisymmetric solids, 
the continuous structure is ideal ized by a series of torus 1 ike or ring 
elements connected together at circumferential o~ nodal circles. Both tri-
angular and rectangular ring elements can be used in the analysis. However, 
the triangular element offers a greater versatility to adapting to various 
shapes of the vessels. For this reason primary emphasis has been placed on 
a triangular element and only that configuration is employed in the present 
study. 
The ideal ization of the continuum by a series of triangular ring 
elements is shown in Fig. 1. A typical triangular element is shown in Fig. 
2. The displacements in the r and in the z directions within the element 
are assumed to be 1 inear functions of position coordinates rand z. Higher 
order displacement functions could be chosen but they do not appear to 
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achieve any particular advantage for the axisymmetric case. Thus 
u
r 
= b 1 + b2 r + b3z ......•................... (la) 
U
Z 
= b4 + b5r + b6z ........•................. (lb) 
By evaluating the above equations at the three nodal points of the tri-
angular element, the constants b 1 through b6 are obtained. 
(b} = [h](u} . . . • . . (2) 
The matrix [h] is given by 
rkz j -rjz k 0 rizk-rkz j 0 r.z.-r.z, 0 J I I J 
zk -z j 0 Z i -zk 0 z, -z. 0 J I 
r j =, k 0 
'k 
_ ... 0 .... -.... 0 , . 
I i ' . I J 
1 0 r kZ j -r j Z k 0 rjzk-rkz j 0 r.z.-r.z, 
. (3) 
A J I I J 
0 zk -z j 0 Z i -zk 0 z. -z. J I 
0 
'j -r k 0 rk-r j 0 '. -r. I J 
in which 
A = r. (z k -z .) + r. (z. -z k) + r k (z . -z .) 
I J J I J I 
The strains in the element are obtained by differentiating the two displace-
ment functions 
r 
u 
=-; 
r 
. . . . . . . . (4a -d) 
Substituting for ur and UZ as defined by Eqs. (1) we obtain 
{E} = [gJ [b} ...•.........•........... (5) 
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where the matrix [g] is given by 
o o o o o 
o o o o o 
. . . (6) 
l/r z/r o o o 
o o o o 
Upon substitution for (b} from Eq. (2) we obtain 
(E } ::: [h] (u} ::: [a] (u} . . . . . . . . . . . (7) 
For an elastic axisymmetric sol ids of revolution, the stress-strain rela-
tion in most general form is given by 
CJ" C 11 C12 C13 0 E r r 
CJ" C12 C22 C23 0 E z Z 
= (8) 
CJ"e C 13 C 23 C33 0 Ee 
cr 0 0 0 C44 E rz rz 
For a homogeneous isotropic elastic material the material property matrix 
[C] is 
(1 -v) v v 0 
v (1 -v) v 0 (9) E 
(l+v) (1-2v) v v (1 -v) 0 
0 0 0 2 (1-2v) 
By the principle of virtual displacement, the stiffness matrix for an 
individual element m, can be obtained from 
6 
- ( T [k
m
] == J v [a] [C ] [a] dV . • . . . . . . . . . . . (1 0) 
Substitution for raJ and [C] from Eqs. (7) and (8) yields 
- ( T T [ k
m 
J == J V [h] [g J [C J [g ] [h] dV . . . . . . . . . . (11) 
Since the matrix [hJ is not a function of position coordinates rand z, it 
can be taken outside of the integral sign. Thus 
. . . . . . . • (12) 
Most of the elements of matrix [g]T[CJ[gJ are functions of the position 
coordinates rand z, so they have to be integrated over the volume of the 
element (6). The results of the integration and a 1 isting of the individual 
terms of the stiffness matrix [k J are given in Appendix 1. 
m 
2.3 Method of Solution 
Once the stiffness matrix for an individual' e1ement [k ] has been 
. m 
obtained, the stiffness matrix for the complete structure [K] is obtained 
by the proper summation of individual stiffness matrices. Thus 
M 
[KJ =E . . . . . . . . . . . . . . . . . . . . . . . . . (13) 
m==l 
where M is the total number of elements in the structure. The problem is 
thus reduced to the solution of the following set of 1 inear algebraic 
simultaneous equations. 
[KJ[u} == [P} ( 14) 
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where (u} and (P} are the column vectors of displacement and appl ied loads, 
respectively. Once the unknown displacements (u} are obtained, the strains 
and f ina lly the stresses can be computed from Eqs. (7) and (8). 
2.4 Boundary Conditions 
With the displacement model discussed herein, the boundary condi-
tions presecribed on displacements can be taken into account directly. When 
such boundary conditions are constraints on displacements in the direction 
of any coordinate axis, they are easily introduced by deleting the appropriate 
rows and columns of the stiffness matrix [KJ. However, when the constraint 
at any joint is incl ined at an angle to the coordinate axes, the equil ibrium 
equations at that joint must be modified. For example, in Fig. 3 the con-
. straint appl ied at joint i is incl ined at an angle a to the r-axis. The two 
force-displacement equations at joint i can be written as 
P. cos a 
I 
sin a 
. . . . . . . . . . . . . . . . . . . . . (15) 
• • • • • 0 • • • • •• • •• • • • • • • • • (16) 
where [K2i _1J and [K2i J are, respectively, the (2i-l)th and (2i)th rbws of 
the stiffness matrix and P. is the unknown normal reaction at the joint i. 
I 
By e1 iminating P. from Eq. (15) and Eq. (16), one obtains 
I 
• • • • • • • • • • 0 • • • • • • • • • • • • • (17) 
where 
[K2 i -1] = [K2 i -1 J sin a - [K2 i] cos at • • • • • • • • • • • • • • (18)' 
In order to obtain another equation at the joint i, the constraint condition 
is appl led (that the displacement normal to the boundary is zero), which gives 
8 
r z ) u. cos ex + u. sin ex = 0 . . . . • • . . . . . . . . . . . . . . . (19 
I I 
Equation (19) can a 1so be written as 
[KZiJ[u}=0 .......................... (20) 
where the row matrix [K2i ] has all elements zero except those corresponding 
to u~ and u: which are cos ex and sin ex, respectively. Thus, a usual set of 
I I 
equi 1 ibrium equations at joint i, Eqs. (15) and (16), is, in effect, replaced 
by another set of equations, Eqs. (17) and (20), which not only satisfy the 
equil ibrium condition at that joint, but also take into account the special 
situation created by the nature of constraint. 
A computer program which generates and solves the resulting set of 
simultaneous equation, Eq. (14) was developed. A brief description of the 
pro g ram tog e the r wit h a use r I s rna n ua 1 i s g i ve n inA p pen d i x I I . Ali s tin g 
of the computer program and a sample output is presented in Appendix III. 
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NUMERICAL SOLUTION 
3.1 General 
To illustrate the applicabil ity of the method to various mechanics 
problems, a spherical shell without any opening and a spherical shel1.with 
different sizes of nozzle openings are considered. The spherical shell 
without any opening is considered in order to compare the results from the 
finite element and the classical solutions. This problem was chosen to 
demonstrate the accuracy and not as an Illustration of the type of problem 
for which the method should be used. The nozzle opening demonstrates the 
versati 1 ity of the method as it appl ies to some of the complex problems in 
continuum mechanics. 
3.2 Spherical Shell 
A spherical shell with an internal diameter of 9 inches and a thick-
ness of 2 inches is considered in this example. The shell is subjected to 
a uniform internal pressure of 1 psi. The shell is constructed out of a 
material which has a modulus of elasticity of 30 x l06 psi and a Poisson1s 
ratio of 0.3. The classical membrane solution is an accurate solution to 
the spherical shell. The displacements will of course depend on the ma-
terial constants. 
Due to radial symmetry, only a small protion of the sphere need be 
considered. In this case a segment having an internal angle of 450 was 
used. In principal the portion needs be only one e1ement wide however to 
ascertain if there is any boundary effect associated with the element solution 
the 45° segment was chosen. A plane section through the axis of revolution 
is shown in Fig. 4a. The portion to the right of the axis of revolution is 
approximated by triangular ring elements in the manner shown in Fig. 4b. 
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Since both the structure and the loading are symmetric the portion 
can undergo only radial displacements. Thus, the boundary conditions at 
sections A-A and D-D are simulated by roller type supports which allow dis-
placements in the radial direction but not in the tangential direction. 
The radial and the circumferential stresses are computed at the nodes. 
Their distribution through the thickness is shown in Figs. 5 and 6. 
Except near the boundaries the agreement between the results from the 
finite element and classical solution is excellent. The discrepancy be-
tween the results near the boundaries is due to the manner in which boundary 
conditions can be enforced within a displacement method of formulations. 
Since the boundary conditions can be prescribed only on the displacements, 
the stress boundary conditions are not identically satisfied (7). A better 
agreement between the results from the two methods is obtained by increasing 
the number of unknown displacements. Some results for a segment with an 
internal angle of 1800 (hemi-sphere) are given in Table 1. 
3.3 Nozzle Opening in a Spherical Shell 
A spherical shell with an average diameter, D =-18 inches and a nozzle 
thickness to shell thickness ratio, (t/T) = 0.5 is considered in this study, 
Fig. 7. The nozzle diameter and/or the nozzle thickness is varied from one 
case to the next. In each case the structure is subjected to an internal 
pressure of 500 psi. The material of the shell and the nozzle has a modulus 
of elasticity, E = 30 x 106 psi and a Poisson1s ratio, v = 0.3. Since the 
stress concentration at or near the junction of the shell and the nozzle is 
of interest, ~he nozzles are terminated by caps after a length of nozzle 
pipe sufficient to damp out any end effects. This simulates the worst con-
centration effects since the axial force adds to the meridonal effect. The 
distribution of the circumferential stress in the nozzle and the spheri~al 
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shell for four nozzle diameters and thicknesses is shown in Figs. 8 through 
11. The maximum stress occurs either at the intersection of the junction 
of the spherical shell and the nozzle on the inside surface or sl ightly a-
way from the junction on the outer surface of the spherical shell. 
The stress concentration factor; ~e/(PD/4T) (the ratio of the maximum 
circumferential stress in the structure to the circumferential stress in 
the spherical shell without opening) is computed for seven nozzle openings. 
A plot of the stress concentration fact6rs versus a non-dimensional para-
meter p = (d/D)v/D/2T is given in Fig. 12. The results are in close agree-
ment with the design curve suggested by Beckel 1 and Ruez (1) and Waters (8). 
3.4 Accuracy of Solutions 
In general the computation with regard to the generation of the 
stiffness matrix and the solution of the resulting set of simultaneous equa-
tions for obtaining the displacements and the stresses in the structure can 
be performed in single precision. However, when the sizes of the elements 
in relation to the radius of the shell are very s.mall or when the displace-
ment field is fairly uniform, it is recommended that a double precision be 
used. In addition, when the number of equations to be solved is very large, 
a double precision is needed due to round-off errors. 
Naturally the use of double precision in the computations depends on 
the accuracy of the available computer. With computers such as CDC 6600 
where one can obtain 13 digits accuracy in single precision, there is no 
need for the use of double precision. 
In this study all the problems pertaining to nozzle opening were solved 
in double precision. 
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CONCLUSION 
The examples presented in this study although 1 imited in number indi-
cate that the finite element method can be used to obtain an estimate of 
the magnitude and distribution of stresses in shells of revolution with 
nozzle openings. Early work in this field was done by Wilson. Problems 
with different boundary conditions and various loading combinations are 
easi ly modeled and solutions are obtained with the use of a program such as 
the one given in Appendix III. One need not know the details of the program 
in order to use the computer program for the solution of complex engineering 
problems. The method is well suited for obtaining maximum stresses in solids 
of revolution with openings, junctions, and variation in the thickness. 
With a better estimate of stresses in these structures, a more meaningful 
procedure can be used for their design. 
The study although in the elastic range can be extended to include 
both non-l inear material behavior and temperature effect in axisymmetric 
sol ids of revolution. The finite element method has been used for the analy-
sis of elastic-plastic circular plates (9) and elastic-plastic shells of 
revolution under axisymmetric loading (10). 
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the Section 
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Hor iz.onta 1 
Diameter 
0° 
450 
9010 
TABLE 1 
COMPARISON OF THEORETICAL AND FINITE ELEMENT STRESSES 
IN A SPHERE 
Hoop Stresses (~e/p) 
x Single Double 
T Theoretical Precision Precision 
0.0 2.30 2.31 2.33 
0.33 2.10 2.00 2.11 
0.67 1.92 1.86 1.95 
1.00 1.80 1.69 1.83 
0.0 2.30 2.45 2.33 
0.33 2.10 2.16 2.11 
0.67 1.92 2.03 1.95 
1.00 1.80 1.86 1.82 
0.0 2.30 2.50 2.31 
0.33 2.10 2.09 2.06 
0.67 1.92 1.84 1.85 
1.00 1.80 1.70 1.77 
x = Normal distance from the internal surface 
T Thickness of the shell 
~e Hoop (tangential) stress 
~ Radial stress 
r 
p = Internal pressure 
Radial Stresses (~r/p) 
Single 
Theoretical Precision 
-1.00 -0.80 
-0.58 -0.59 
-0.25 -0.24 
0.0 -0.15 
-1.00 
-0.77 
-0.58 -0.58 
-0.25 -0.26 
0.0 -0.16 
-1.00 -0.70 
-0.58 -0.54 
-0.25 -0.20 
0.0 -0.16 
Double 
Precision 
-0.85 
-0.58 
-0.25 
-0.11 
-0.84 
-0.57 
-0.24 
-0.10 
-0.72 
-0 .. 52 
-0.21 
-0.12 
U1 
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FIG. 1 FINITE ELEMENT IDEALIZATION OF CONTINUUM 
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FIG. 2 A TYPICAL ELEMENT 
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FIG. 3 SUPPORT BOUNDARY WITH 
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Append i x I 
STIFFNESS MATRIX FOR THE TRIANGULAR RING ELEMENT 
The rna t r i x [g] T [ C] [g ] i s g i ve n by 
1 (-2)C~3 ,. 
r 
(~) 2 
r 
C33 
0 
0 
(l) 
r 
C23 
(~) 
r 
(C 13 +C 33 ) 
0 
0 
C12 +C 23 
2 
(~) C33 + C44 2 r 
0 
C44 
(~) C23 
0 
0 C44 
0 0 
Integrating the above matrix over the volume of the ring element 
The elements of the symmetric matrix [W] are given by 
W11 = A3C33 
W21 = A2 (C 13 + C33 ) 
W22 = Al (C l1 + 2C 13 + C33 ) 
W31 = A5C33 
W32 = A4 (C 13 + C33 ) 
W33 = A6 C33 + Al C44 
W41 = W42 = W43 = W44 = W51 = W52 = W54 = W64 = W65 
W53 = W55 = Al C44 
= 0 
27 
C22 
where 
W62 = Al (C 12 + C23 ) 
W63 = A4 C23 
/
22 Al = 21lrc [a.(rk-r.) + a.(r.-r k) + ak(r.-r.) + (1 2)m.(r k-r.) I J J I J I I J 
/ 22 . / 2 2 + (1 2) m. (r . - r k) + (1 2) m k ( r . - r . ) ] J I J I 
28 
A 2 = 2 rr r c [a i log ( r k/ r j) + a j log· (r i / r k) + a k log ( r j / r i) + m i (r k - r j ) 
+ m. (r. -r k) + mk (r . -r . ) J I J I 
A3 = 2rrr [1 (ak-a.) + 1 (a.-a k) c r. J - I 
I r. 
J 
+ 1 (a. -a . ) 
- J I r k 
+ m. 
I 
+ mj log (rj/r k) + mk log (rj/rj) ] 
A4 = 2 rr rc [a. m . ( r k - r .) + a. m. (r . - r k) + a kmk ( r . - r . ) 
I I J J J I J I 
1 2 2 2 1 222 1 2 2 2 
+ "4 m j (r k -r j) +"4 mj (r i -r k) + "4 mk (r j -r i) 
12 / 12 / 12 / + '2 a j log (r k r j ) + '2 a j log (rj r k)·+ '2 a k log (r j r j ) ] 
122 122 122 AS = 2rrr [-2- (ak-a.) + -2- (a. - a k) + -2-(a. -a.) cr. Jr. I r k J I I J 
1 2 1 2 1 2 
+ '2 m i (r k -r j) + '2 m j (r i -r k) + ~k (r j -r i) 
+ aim i log ( r k/ r j) + a j m j log (r i / r k) + a k m k log ( r j / r i ) ] 
A 2 [1 (3 3) 1 (3 3) + _1 (a~-a~) 6 = l rrr c ~ a k -a j + ~ a i -ak r k J I 
I J 
1 3 2 2 1 3 2 2 1 3 2 2 
+ ~ i (r k -r j) + zmj (r i -r k) + ~k (r j -r i) 
. 2 2 2 
+ 3 a.m. (rk-r.) + 3 a.m. (r.-r k) + 3akmk (r.-r.) , I J J J I J J 
+ 3a~m. log (rk/r.) + 3 a:m log (r./r k) + 3 a 2kmk log (r./r.)] I I J J n J J I 
and a. :::: (r kZ j -r j Z k) m. ::::: (z k -z j ) I r k -r j I r k -r j 
a. :::: (r jZk -rkz i) m. :::: (z i -z k) J rj-r k J rj-r k 
(r.z.-r.z.) 1 (z . -z . ) a :::: m ::::--k r. -r. J I I J k r.-r. J I 
J I J I 
r :::: distance from the axis of revolution to the centroid of the 
c 
cross-section of the element. 
29 
Once the matrix [W] is known, the stiffness matrix [k ] is obtained from 
m 
[k ] :::: [h]T [W][h] 
m 
where [h] is given in Eq. (3). 
Appendix II 
Computer Program 
Description of Subroutines 
30 
The computer program consists of nine SUBROUTINES which are called 
in appropriate order by the tMAINL program. 
SUBROUTINE INPUT 
Data is input through SUBROUTINE INPUT. It reads in the geometry of 
the finite-element grid, loads appl ied at various nodes and the displacement 
boundary conditions. This subroutine also computes the necessary incidence 
tables required for the formulation of the stiffness matrix, checks the 
consistency of the data insofar as the input number of joints and elements, 
and the number of cards associated with them are concerned. A further 
check is achieved by giving appropriate value to the ~rameter ISWICH 
which enables the subroutine to print out the input information. 
SUBROUTINE ZERO 
This subroutine simply initializes the coefficient matrix of the 
equil ibrium equations. 
SUBROUTINE EQUATS 
In effect, this subroutine formulates the equations relating the 
nodal faces to nodal displacements (pseudo equations of equil ibrium) at 
various nodes. In this process it computes, and stores for fur~er calcula-
tions, the coefficients of unknown displacements in the equations of the 
joint. 
This subroutine uses subprogram SUBROUTINE STFNS. 
SUBROUTINE STFNS 
Given the coordinates of the joint, the element-joint incidences and 
the material property of an element, this SUBROUTINE calculates the stiffness 
matrix of the element. 
SUBROUTINE RESET 
RESET examines the coefficients of an equation and determines its 
band width. It also calls in the SUBROUTINE TRI. 
SUBROUTINE TRI 
31 
When called in by the SUBROUTINE RESET, it reduces the coefficients 
of the equil ibrium equations to an upper triangular matrix. This follows 
from the well known Gauss-elimination process. 
SUBROUTIN E BAC K 
Starting with the last equation in the upper triangular matrix, this 
subroutine computes the unknown displacements by a back substitution process. 
SUBROUTINE STRESS 
Having the computed displacements, this subroutine determines the 
strains and the stresses at the centroid of each element. The stresses are 
then averaged at the nodes according to the number of elements meeting at 
each node. 
SUBR DUTIN E OUTPUT 
It has necessary statements and formats to print' out the desired so-
lution, e.g., the displacements and the stresses at various nodes. 
Ca rd 
Group 
2 
3 
No. of 
Cards 
NJ 
Definition of Program 1nput* 
ANAME 
Data and Definitions 
= A 72 column label of alphameric 
characters used to identify each 
case. 
ISW1CH, NE, NJ, JLRS, Nl, N2, S1, SNU, E 
ISWICH 
ISWICH 
ISWICH 
NE 
NJ 
JLRS 
Nl 
N2 
N2 
N2-N 1 
S1 
SNU 
.E 
= An indicator to convey whether 
input data has to be printed 
out or not. 
= 1, input data to be printed out. 
= 0, input data not required to 
be printed out. 
= Tota 1 no. of elements. 
= Tota 1 no. of j 0 j nts 
= Number of joints on the first 
support boundary incl ined at 
an angle lSI 'k PI'. 
= First joint where principal 
stresses are to be calculated. 
= Last joint where principal 
stresses are to be calculated. 
= 0, principal stresses not re-
quired at any joint. 
< 200 (Maximum difference 199) 
= Inclination factor of the first 
support boundary (Angle of 
i nc 1 i na t ion = S I -k PI) • 
= Poisson1s ratio 
= Modulus of Elasticity 
I, CORD (I,l), COORD (1,2), ISC (I,l), 1SC 
(I ,2), A LOA D (I, 1 ), A LOA D (I, 2), LA S T 
32 
FORTRAN 
FORMAT 
(18 A4) 
(615, 2Fl0·0, 
El 0· 0) 
(~~~ 2~~?}~ I 
Z I), Zt I U·.::5, 
7X, 110) 
*The input parameters listed here define one complete problem. They are 
read in by the subroutine INPUT. 
Ca rd No. of 
Group Cards 
4 NE 
Definition of Program Input 
1 
COORD (I ,1 ) 
COORD (1,2) 
IBC (I, J) 
IBC (I , J) 
IBC (I, J) 
ALOAD (I, J) 
LAST 
LAST 
LAST 
I, IEL (I , 1) , 
IEL (I,J) 
J 
LAST 
LAST 
LAST 
Data and Definitions 
= Joint no. 
= Rad i a 1 coordinate of joint I. 
= Axia 1 Coordinate of joint I . 
= Pa rameter defining a zero or a 
non-zero displacement, in the 
direction J at joint I 
(J=l ,radial; J=2,axia1) 
= 0, Displacement is not zero. 
= 1 , Displacement is zero. 
= Load on joint I in the direction 
J (J = 1 , radia 1, J = 2, ax i a 1) • 
= An indicator to define the last 
card in the group. 
= 0, more cards to fo 11 ow. 
> 0, last card in the group. 
IEL(I,2), IEL(I,3), LAST 
= Joint incidences 'for element I 
= 1,2,3, for the three joints of 
the element take~ in a clockwise 
direction. (Joint 1 can be arti-
trarily chosen from the three). 
= An indicator to define the last 
card in the group. 
= 0, more cards to follow. 
> 0, last card in the group. 
33 
FORTRAN 
FORMAT 
(415, 42X, 
110) 
Appendix III 
LISTING OF THE COMPUTER PROGRAM AND SAMPLE OUTPUT 
() I i'/l E j\j S I U f\l I E L ( 1 00 0 'I 3 ) , C [I (01 R D ( 1 00 0 'I 2 ) , j\J V A R ( 1 0 0 0 'I 2 ) ., J t L ( 1 0 0 CJ 'I H ) , 
1 1\1 E P 1\.\ ( 1 0 0 0 ) , A L U AD ( 1 0 0 0 , 2 ) , A ( 25 0 ) ., B ( 5 0 0 0 0 ) , C ( 2 0 0 0) 'I j'/i C ( 2 0 0 0 ) ., 
2 EQ(2000,2),XK(6,6),DEFL(2000),SIGRR(lOOO),SIGZZ(lOOO), 
3 S I G T H ( 1000 ) , S I G R Z ( 1000 ) , S I G 1 ( 200 ) , S I G 2 ( 200 ) , A I\i GL F: ( 200 ) 
DIMENSION SRR(lOOO),SZZ(lOOO),STH(lOOO),SRZ(lOOO} 
COMMUN A,B,C,EQ,XK,CUURD,W,ALOAD,CON,Cll,C12,C13,C22,C23,C33,C4~, 
1 S I\j U , U E F L , S I G R R , SIC; Z Z , S I G T H , S I G R Z , I E L , I'~ V A R 'I J c L 'I i\j E P 1\: , I'J E , r,J J , I V A ~!, , 
2 K L U ~ . .1 , K H I G H 'I IT, j"i C ., E ., J I\~ , j\1 1 , j\j 2 , L [vI A X , S I G 1 ., S I G 2 'I /-\ 1\1 G L E ., T hi C , 
3 SI,PI,SRR,SZZ,STH,SRZ.,JLRS 
Ti\JC=O!ll 0001 
PI=3.14159265 
250 CALL INPUT 
D U 1 00 I = 1 , i\i J 
JI\I= I 
C/-\LL ZERUEQ 
CALL EOLJf:\TS 
CALL RESET 
100 COI\IT I I\IU E 
CALL BACK 
CALL STRESS 
CALL OUTPUT 
GO TU 250 
END 
34 
SUBROUTINE INPUT 35 
c 
C READS IN INPUT DATA 
C 
C 
c 
C 
DIM ENS ION IE L"( 1000, 3 ) , COO R D ( 1000:, 2 ) , N VA R ( 1000 , 2 ) ,J E L ( 1000 ,8 ) , 
1 NEPN(lOOO),ALOAD(1000,2),A(250),B(50000),C(2000),MC(2000), 
2 EQ(2000,2),XK(6,6),DEFL(2000),SIGRR(1000),SIGZZ{1000), 
3 SIGTH(1000),SIGRZ(lOOO),SIGl(200),SIG2(200),ANGLE(200) 
DIMENSION SRR(lOOO),SZZ(lOOO),STH(lOOO),SRZ(lOOO) 
DIMENSION IBC(lOOO,2),ANAME(18) 
COMMON A,B,C,EQ,XK,COORD,W,ALOAD,CON,Cll,CI2,C13,C22,C23,C33,C44, 
1 SNU,DEFL,SIGRR,SIGZZ,SIGTH,SIGRZ,IEL,NVAR,JEL,NEPN,NE,NJ,IVAR, 
2 KLOW,KHIGH,IT,MC,E,JN,Nl,N2,LMAX,SIGl,SIG2,ANGLE,TNC, 
3 SI,PI~SRR,SZZtSTH,SRZ,JLRS 
READ 300,ANAME 
300 FORMAT(18A4) 
C ANAME IS THE ALPHAMERIC DATA FOR HEADING 
C 
C 
C 
C 
C 
C 
r 
L. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
READ 206,ISWICH,NE,NJ,JLRS,Nl,N2,SI,SNU,E 
206 FORMAT(6I5 ,2FIO.0,EIO.O) 
ISWICH 
ISWICH 
ISWICH 
NE 
NJ 
JLRS 
Nl 
N2 
N2-Nl 
N2 
51 
SI 
SNU 
E 
L=O 
= AN INDICATOR TO CONVEY WHEATHER INPUT DATA HAS TO BE 
PRINTED OUT OR NOT 
= 1 INPUT DATA TO BE PRINTED OUT 
= 0 INPUT DATA NOT REQUIRED TO BE PRINTED OUT 
= TOTAL NUMBER OF ELEMENTS 
= TOTAL NUMBER OF JOINTS 
= NUMBER OF JOINTS ON THE FIRST SUPPORT BOUNDARY INCLINED 
AT THE ANGLE 'SI*PI' 
= FIRST JOINT WHERE PRINCIPAL STRESSES ARE TO BE 
CALCULATED 
= LAST JOINT WHERE PRINCIPAL STRESSES ARE TO BE CALCULATED 
< 200 
= 0 PRINCIPAL STRESSES ARE NOT REQUIRED "TO BE CALCULATED 
= INCLINATION FACTOR OF THE FIRST SUPPORT BOUNDARY 
(ANGLE OF INCLINATION =SI*PI) 
= 0 HORIZONTAL BOUNDARY 
= POISSONuS RATIO 
= MODULUS OF ELASTICITY 
10 RE,l\O 801, I,COORD(I,lJ,COORD{I,2),IBC(I,I},IBC{I,2),ALUAO(I,l), 
1 ALOAO(I,2),LAST 
801 FORMAT(I5,2EIO.3,2I5,2EIO.3,7X,IIO) 
COORD(I,l) 
COORO(I,2) 
IBC(I,J) 
IBC("I,J) 
IBC(I,J) 
ALOAD{I,J) 
LAST 
LAST 
LAST 
L=L+l 
= 
= 
= 
= 
= 
= 
= 
= 
> 
RADIAL COORDINATE OF JOINT I 
AXIAL COORDINATE OF JOINT I 
PARAMETER DEFINING A ZERO OR NON ZERO DESPLACEMENT AT 
JOINT I,IN THE DIRECTION J (J=l,RADIAL J=2,AXIAL) 
o OISPACEMENT ALLOWED 
1 DISPLACEMENT IS ZERO 
LOAD ON THE IN THE DIRECTION J (J=l,RADIAL J=2,AXIAL) 
AN INDICATOR TO DEFINE THE LAST CARD IN THE GROUP 
o MORE CARDS TO FOLLOW 
o LAST CARD IN THE GROUP 
IF(LAST.EQ.O) GO TO 10 
C 
IF ( L .. E Q • N J) GO TO 21 36 
PRINT 900, L,NJ 
900 FORMAT(115X,'NUMBER OF JOINT INPUT=',I5,3X,'WHICH IS NOT EQUAL TO 
1 NJ=' ,151/) 
CALL EXIT 
21 L=O 
20 READ 802, I,IEL(I,1},IEl{I,2),IEl(I,3),LAST 
802 FORMAT(4I5,42X,II0)· 
C I EL = ELEMENT JOINT INCIDENCES 
C 
L=L+l 
IF(LAST.EQ.O)GO TO 20 
IF(L.EQ.NE)GO TO 30 
PRINT '901, L,NE 
901 FORMAT(115X,UNUMBER OF ELEMENT INPUTS=I,I5,3X,'WHICH IS NOT EQUAL 
1 TO NE=',I511) 
CALL EXIT 
30 DO 50 I=l,NJ 
NEPN(I)=O 
DO 40 J=1,8 
JEL{I,J)=O 
40 CONTINUE 
50 CONTINUE 
DO 60 K=l,NE 
KA=IEL(K,l) 
NEPN(KA)=NEPN(KA)+l 
KB=NEPN(KA) 
JEL(KA,KB)=K 
KC=IEL(K,2} 
NEPN(KC}=NEPN(KC)+l 
KD=NEPN(KC} 
JEL(KC,KD)=K 
KE=IEL(K,3) 
NEPN(KE)=NEPN(KE}+l 
KF=NEPN(KE) 
JEL(KE,KF)=K 
60 CONTINUE 
DO 70 I=l,NJ 
DO 70 J=1,2 
NVAR(I,J)=O 
70 CONTINUE 
L=l 
DO 80 I=l,NJ 
DO 80 J=1,2 
IF(IBC(I,J).NE.O) GO TO 80 
NVAR(I,J)=L 
L=L+l 
80 CONTINUE 
IT=L-l 
PRINT 200,ANAME 
200 FORMAT(lHl,18A411111111) 
·PRINT 100 
100 FORMAT(8X ,'STRUCTURAL GEOMETRY'/) 
PRINT 101,NE 
101 FORMAT(14X,'NUMBER OF ELEMENTS =3,18) 
PRINT 102,NJ 
102 FORMAT(14X,UNUMBER OF JOINTS =',18/) 
PRINT 103 
103 FORMAT(8X,BMATERIAL PROPERTIES'/) 
PRINT 104,E 
104 
105 
201 
1 
2 
202 
209 
1 
2 
3 
203 
204 
1 
205 
210 
FORMAT(14X,'MODULUS OF ELASTICITY :1,E8.2) 
PRINT 105,SNU 
FORMATC14X,·POISSONS RATIO 
IF(ISWICH .EQ.O)GO TO 210 
PRINT 201 
37 
FORMAT(I/I/8X,'JOINT COORDINATES AND JOINT LOADSt,111 
8X,-JOINT',6X,·COORDINATES·,16X,'LOADS·,1 
19 X, It R • ,9 X, e Z • ,8X , I R AD I A L • ., 5 X , U A X I A L t ) . 
PRINT 202,(I,COORDCI,1),COOROCI,2),ALOAD(I,1),ALOAO(I,2),I=1,NJ) 
FORMAT(Il1,2X,2E10.3,3X,2ElO.3} 
PRINT 209 
FORMAT(11118X,uDISPLACEMENT PARAMETER IBC·,I 
13X,'IBC = 0 DISPLACEMENT IS NOT ZERO·,I 
13X,'IBC = 1 DISPLACEMENT IS ZERO',III 
8 X, • J 0 IN TV, 11 X, • I BC R A D I A L D , 7 X, U I BC . AX I A L • , I ) 
PRINT 203 ,(I,IBC(I,1),IBC(I,2),I=I,NJ) 
FORMAT(I11,I18,I17) 
PRINT 204 
FORMAT(11118X,iELEMENT JOINT INCIDENCES',/I/ 
8X,uELEMENTt,13X,'JOINTSI/) 
PRINT 205,CI,IEL(I,1),IEL(I,2),IEL(I,3),I=1,NE) 
FORMAT(II2,II3,2I6) 
CONTINUE 
RETURN 
END 
SUBROUTINE ZEROEQ 38 
c 
C INITIALISES THE STIFFNESS MATRIX OF THE STRUCTURE 
C 
C 
c 
DIMENSION IEL(1000,3),COORD(1000,2),NVAR(1000,Z),JEL(1000,A), 
1 NEPN(lOOO),ALOAD(lOOO,2),A(250),B(50000),C(2000),MC(2000), 
Z EQ(2000,Z),XK(6,6),DEFL(2000),SIGRR(lOOO),SIGZZ(1000), 
3 SIGTH(lOOO),SIGRZ(lOOO),SIG1(ZOO),SIGZ(ZOO),ANGLE(ZOO) 
DIMENSION SRR(lOOO),SZZ(lOOO),STH(lOOO),SRZ(lOOO) 
CUMMON A,B,C,EQ,XK,COORD,W,ALOAD,CON,Cl1,ClZ,C13,CZ2,CZ3,C33,C44, 
1 SNU,DEFL,SIGRR,SIGZZ,SIGTH,SIGRZ,IEL,NVAR,JEL,NEPN,NE,NJ,IVAR, 
2 K L () \;.J , K H I G H , IT, [VI C , E , J I\! , i\\ 1 , 1\\2 , L IV'I A X , S I G 1 , S I G 2 , 1-\ j\! G L t , T f\1 C , 
3 SI,PI,SRR,SZZ,STH,SRZ,JLRS 
DO 10 1=I,IT 
EO(I,l)=O@ 
EO(I,Z)=O. 
10 CO[\JTINUE 
RETURi\j 
Ei\iD 
SUBRUUTINE EQUATS 39 
C 
C COMPUTES THE EQUILIBRIUM EQUATION AT A JOINT 
C 
C 
C 
DIMENSION IEL(lOOO,3),COORD(1000,Z),NVAR(lOOO,Z),JEL(lOOO,8), 
1 NEPN(1000),ALUAD(lOOO,Z),A(Z50),B(50000),C(ZOOO) ,MC(ZOOO), 
Z EQ(ZOOO,Z),XK(6,6),DEFL(ZOOO),SIGRR(1000),SIGZZ(lOOO), 
3 SIGTH(lOOO),SIGRZ(lOOO),SIGl(ZOO),SIGZ(200),ANGLE(ZOO) 
DIMENSION SRR(lOOO),SlZ(lOOO),STH(1000),SRZ(lOOO) 
DIMENSION R(3),Z(3),IE(6) 
COMMON A,B,C,EQ,XK,COORD,W,ALOAD,CON,Cll,Cl2,C13,CZZ,C23,C33,C44, 
1 SNU,DEFL,SIGRR,SIGZZ,SIGTH,SIGRZ,IEL,NVAR,JEL,NEPN,NE,NJ,IVAR, 
2 KLDW,KHIGH,IT,MC,E,JN,Nl,N2,LMAX,SIGl,SIG2,ANGLE,TNC, 
3 SI,PI,SRR,SZZ,STH,SRZ,JLRS 
I 1 = N V A R ( J I~ , 1 ) 
12 =[\l VA R ( J N , 2 ) 
PHI =SI~:~PI 
DO 305 tvl=l, 6 
305 IE(fv1)=0 
DO 303 K=l,8 
IF(JEL(JN,K).EQ.O) GO TO 304 
NEL = JEL(JN,K) 
DO 302 KA = 1,3 
IX = IEL{I\JEL,KA) 
R(KA)=COORO(IX,l) 
Z(KA) = COORO(IX,Z) 
KB = 2~:~KA - 1 
KC = KB+1 
IE(KB) = NVAR(IX,l) 
IE(KC) = NVAR(IX,2) 
IF(JN.NE.IX) GO TO 302 
JR = KB 
3 0 2 C [) f\j T I f\l U E 
CAL L S T F t~ S ( R ( 1 ) , Z ( 1 ) , R ( 2 ) ,Z ( Z ) , R ( 3 ) , Z ( 3) } 
DO 303 L=1,6 
IV = IE(L) 
IF(IV.EQ.O) GO TO 303 
EQ(IV,l)=EQ(IV,l)+XK(JR,l) 
EQ(IV,2)=EQ(IV,Z)+XK(JR+l,L) 
303 CONT II\lUE 
304 IF(JN@GT.JlRS.OR.ABS(PHI).LE.TNC) GO TU 310 
DO 3 2 0 ~,I = 1 , I T 
EQ(N,l)=EQ(N,l)*COS(PHI)+EQ(N,Z)*SIN(PHI) 
EQ(hJ,2)=0. 
IF(N.EQ.Il) EQ(N,Z)=SIN(PHI) 
IF(N.EQ.I2) EQ(N,Z'=-COS(PHI) 
3 zoe 0 f\l T I [\l U E 
N=Jf\j 
ALOAO(N~1)=ALOAO(N,1)*COS(PHI)+ALOAO(N,2)*SIN(PHI) 
ALOAO{N,2)=0. 
310 RETURN 
END 
SUBROUTINE STFNS(R1,Zl,R2,Z2,R3,Z3) 
C 
40 
C COMPUTES THE STIFFNESS MATRIX OF AN ELEMENT 
C 
C 
C 
DIMENSION IEL(1000,3),COORD(1000,2),NVAR(1000,2),JEL(1000,S), 
1 NEPN(lOOO),ALOAD(lOOO,2),A(250),B(50000),C(2000),MC(2000), 
2 EQ(2000,2),XK(6,6),DEFL(2000),SIGRR(1000),SIGZZ(1000), 
3 SIGTH(1000),SIGRZ(1000),SIGl(200),SIG2(200),ANGLE(200) 
DIMENSION SRR(lOOO),SZZ(lOOO},STH(lOOO),SRZ(lOOO) 
DIMENSION WB(6,6),H(6,6),HTW(6,6) 
COMMON A,B,C,EQ,XK,COORD,W,ALOAD,CON,Cll,C12,C13,C22,C23,C33,C44, 
1 SNU,DEFL,SIGRR,SIGZZ,SIGTH,SIGRZ,IEL,NVAR,JEL,NEPN,NE,NJ,IVAR, 
2 KLOW,KHIGH,IT,MC,E,JN,N1,N2,LMAX,SIGl,SIG2,ANGLE,TNC, 
3 SI,PI,SRR,SZZ,STH,SRZ,JLRS 
Cll = E*(1.-SNU)!((le+SNU'*(1.-2.*SNU)) 
C12 = E*SNU!((1.+SNU)*(I.-2.*SNU)' 
C22 = Cl1 
C33 :::: C1l 
C13 = C12 
C23 = C12 
C44 = E!(2.*(1.+SNU)) 
RC = (Rl+R2+R3)!3. 
PI = 3e14159265 
IF (ABS(R3-R2)eLT. TNC ) GO TO 10 
AI :::: (R3*Z2-R2*Z3)!(R3-R2) 
AMI:::: (Z3-Z2)/(R3-R2) 
GO TO 20 
10 AI = o. 
Afv\ I = 0 <III 
20 CllNTIf\JUE 
IF (AB5{Rl-R3).LT. Tf\JC ) GO TO 30 
AJ :::: (Rl*Z3-R3*ZI)!(RI-R3) 
AfvlJ = (Zl-Z3)!(R1-R3) 
GO TO 40 
30 AJ :::: Oe 
AMJ = o. 
40 CONTINUE 
IF (AB5(R2-Rl).LT. TNC ) GO TO 50 
AK = (R2*ZI-Rl*Z2)!(R2-Rl) 
AMK = (Z2-Z1)!(R2-Rl) 
GO TO 60 
50 AK = o. 
AI'VlK = O. 
60 CONTINUE 
SI=O. 
52=0. 
53=0 
R 1 I =0 <III 
R2I=0. 
R3I=0. 
IF(ABS(Rl)eLE. TNC ) GO TO 70 
Sl=ALOG(Rl) 
RII=l.!Rl 
70 IF(ABS(R2).LE. TNC GO TO 80 
S2=ALOG(R2) 
R2I=1",!R2 
80 IF(ABS(R3'.LE. TNC GO TO 90 
S3=ALOG(R3) 
R3I=1.!R3 
C 
C 
c 
C 
C 
c 
C 
41 
90 SA=S2-S1 
SB=S3-S2 
SC=S1-S3 
DI=RII;;:qAK-AJ) 
OJ=R2 I~' (A I-AK) 
DK=R3I~qAJ-AI ) 
130 
I F ( A B S ( R 1 ) • L E" T f\l C ., A [\j 0 ., A B S ( R 2 ) • G T @ T hj C • A j\j 0 • A B S ( R 3 ) • G T. T 1\1 C 
1 DI=(Zl-ZZ)/R2+(Z3-Z1)/R3 
IF(ABS(R2}@LE. TNC .,AND.ABS(R3).GT. TNC .AND@ABS(R1}@GT. TNC 
I DJ=(Z2-Z3)/R3+(ZI-Z2)/Rl 
IF(ABS(R3).LE. TNC .AND.ABS(Rl'.GT. TNC .AND.ABS(R2'.GT@ TNC 
1 OK=(Z3-Z1)/Rl+(Z2-Z3)/R2 
Al = 2.*PI*RC*(AI*(R3-RZ)+AJ*(RI-R3)+AK*(RZ-Rl)+ 
1 O~5*AMI*(R3*R3-RZ*R2)+O.S*AMJ*(Rl*R1-R3*R3)+ 
Z O.5*AMK*(RZ*R2-Rl*Rl)) 
AZ = Z.*PI*RC*(AI*SB+AJ*SC+AK*SA+AMI*(R3-RZ)+AMJ*(RI-R3)+ 
I AMK*(R2-Rl)) 
A3 = 2.*PI*RC*(OI+DJ+DK+ 
1 AMI*SB+AMJ*SC+AMK*SA) 
1 
2 
3 
1 
Z 
1 
Z 
3 
4 
A4 = 2 • ):~ P I * R C;~ ( A I )~ A ,V) I }:~ ( R 3 - R 2 ) + A J ):~ A [vi J ):~ ( R I - R 3 ) + A K ;;:~ A jv'j K ):~ ( R 2 - R 1 ) + 
O.Z5*AMI*AMI*(R3*R3-R2*R2)+0.25*AMJ*AMJ*(RI*R1-R3*R3)+ 
O.Z5*AMK*AMK*(R2*R2-R1*R1)+O.S*AI*AI*SB+O.S*AJ*AJ*SC+ 
o '9 5 ):~ A K ~~ A K ~~ SA) 
AS = Z.*PI*RC*(O.S*DI*(AK+AJ)+O.5*DJ*(AI+AK)+ 
O.5*DK*(AJ+AI) +O.5*AMI*AMI*(R3-R2)+0.5*AMJ*AMJ* 
(R1-R3)+O.5*AMK*AMK*(R2-R1)+AI*AMI*SB+AJ*AMJ*SC+AK*AMK*SA) 
A6 = 2.*PI*RC*(DI*(AK*AK+AK*AJ+AJ*AJ)+OJ*(AI*AI+AI*AK+AK*AK)+UK*( 
AJ*AJ+AJ*AI+AI*AI)+.5*AMI**3*(R3*R3-RZ*R2)+O.5*AMJ**3* 
(R1*RI-R3*R3)+O.5*ANK**3*(R2*R2-R1*Rl)+3@*AI*AMI*AMI* 
(R3-R2}+3.*AJ*AMJ*AMJ*(RI-R3)+3.*AK*AMK*AMK*(R2-Rl)+ 
3.*AI*AI*AMI*SB+3.*AJ*AJ*AMJ*SC+3e*AK*AK*AMK*SA)/3. 
00 130 1=1,6 
DO 130 J=1,6 
WB(I,J) = o. 
~~B(I,1) = A3;;:'C33 
~~ B ( 1 , Z ) = A 2 ):~ ( C 13 +C 33 ) 
WB(Z,1) = WB(1,2) 
~J B ( 2 ,2 ) = Al*(C11+2.*C13+C33) 
WB(1,3) = AS*C33 
WB(3,1) = WB(1,3) 
WB(2,3) = A4):QC 13+C33) 
ItJ B ( 3 , Z ) = \1-)B(2,3) 
ItJ B ( 3 ,3 ) = A6;;:'C 33 +A 1~:~C44 
WB(3,5) = A1*C44 
WB(5,3) = ~~B(3,5) 
WB(5,5) = vJB(3,5) 
WB(1,6) = A2):~CZ3 
WB(6,1) = ~JB(1,6) 
vJ B ( 2 'P 6 ) = A 1 ;;:{ ( C 12 +C Z 3 ) 
~\I B ( 6 ,2 ) = ~IB{Z,6) 
WB(3,6) = A4):~C23 
WB(6,3) = WB(3,6) 
~vB(6,6) = A 1~:'C22 
DO 140 I=1,6 
DC) 140 42 J==1,6 
140 H(I,J) == Oe 
ST == R1*(Z3-ZZ)+RZ*(Zl-Z3)+R3*(ZZ-Zl) 
H(1,1) == R3~:~ZZ-RZ*Z3 
H(I,3) == R 1 ~:, Z 3 - R 3 ~:, Z 1 
H(1,5) == R Z ~:, Z l-R 1 ~:, Z Z 
H{Z,l) 
== Z3-ZZ 
H(Z,3) == Z1-Z3 
H(Z,5) == ZZ-ZI 
H (3,1) == RZ-R3 
H(3,3) == R3-Rl 
H(3,5) == RI-RZ 
H(4,2) == H(l,l) 
H(4,4) == H(1,3) 
H(4,6) == H(1,5) 
H(5,2) == H ( Z , 1 ) 
H(5,4) == H(Z,3) 
H(5,6) == H(Z,5) 
H(6,2) == H(3,1} 
H(6,4) == H(3,3) 
H(6,6) == H(3,5) 
C 
DO 160 K==I,6 
DO 160 L==1,6 
SUj\il = o. 
DO 150 !VI == 1 ,6 
150 SUIVJ = SUM+H(M,K)*WB(M,L) 
160 H Tv~ ( I< , L ) == SUI}I 
DO 180 K==I,6 
DO 180 L==I,6 
SUi';] = o. 
DO 1 70 M==1,6 
170 S UfVJ = SUM+HTW(K,M)*H(M,L) 
180 XK(K,L) == SUfll\ / ( S T~:'S T ) 
RETURi\j 
END 
SUBRUUTINE RESET 43 
c 
CUt: T E R 1,1 H\l EST H E B A i'~ D HID T H LJ F THE E (j U I LIe R I U r,! E (} U A T HJ j\J 
C 
1 
?. 
3 
(' 
Iv 
1 
2 
3 
c 
D 1;"1 E j\j S I C)h\ I E L ( 1000 ., 3 ) ., COO R D ( 1000., 2 ) ., N V A R ( 1000 7 2 ) ., J E L ( lOon., e ) ., 
Nt P 1\) ( 1 0 0 0 ) ., A L U t\ [) ( 1 0 0 0 ., 2 ) ., A ( 2 50) '1 B ( 5 00 0 0 ) , C ( 2 U 0 0 ) 'I l'ij C ( 2 0 00 ) , 
EO(2UOO,2),XK(6,6),UEFL(2000),SIGRR(1000),SIGZZ(lOOO) ., 
S I G T H ( 1 0 0 0 ) , S I G k Z ( 1 0 0 0 ) , S I G 1 ( 2 0 0 ) , S I G 2 ( 2 0 0 ) , A i\i G L E ( 2 0 0 ) 
I) Ii'; E I'J S I U j\; S R R ( 1 000 ) , S Z Z ( 1 000 ) , S T H ( 1 0 00 ) , S R Z ( 1 () 0 0 ) 
C l] i'liil U 1\] A, Ij , C , t: C.) , X K , C Cl U R D , V! ., A L U!\ D , C CJ I\; , ell ., C 1 2 , C 1 3 ., C 2 2 ., C 2 3 , C 3:3 ,C i~ 1+ , 
S hil) , U E F L 'I SIC; R R , S I G Z Z ., S I (~ T H 'I S I G R Z , I E L , i'; \j /U'::' ., \.J t L ,. 1\1 t: P i\J 'I I'~ t:: ., f\j J 'I I V A t< 'I 
l< L CJ ~'J 'I K H I C; H 'I I T 'I il C ., c ., J i\j 'I i\i 1 , f'J 2 ., L f'jl A X 'I SIC; 1 'f S I (; 2 , ,L\ i\J C; L t:: 'f T i\! C , 
S I ., PI., S R R 'I S Z Z ., S T I--j 'I S R. Z ., ,J L R S 
f i· () 7 F oj R i'i) A T (I '., I THe \'.! l-l 0 L E R U \t.J I S Z E R U A T T H I~ J U I j\lT I\! U I ., I ~ 'I 1 X , 
1 I t () U .L\ T I U j\j I\J U I ., I 5 ) 
i l-0 b FUR j'Ji A T (i '., I T H t:: t.\ R i<. (~y A I S G R tAT L: R T H A ['.1 2 5 0 l\ T THE J u u\n i·.\ LJ I , 
1 Ii)., 1 X , I E () U ,6, T I U 1\.\ I\j C J I , I 5 , 1 >< , ' f< L LJ v,j = , 'I I 5 , 1)( , I I( hIe H = , , I 5 ) 
U Cl Lj·O 1 K = 1 , 2 
I 1= ( J ,\Jill> E (.) ., 1 ., Ai\] U '" IC. t C).II 1 ) L 1'1 A X = 0 
IVAR = NVAk(JN,K) 
IF(IVAk.ECl<llO) GO TLl Li·Ol 
U(J 402 I = 1,250 
t\{I) = O. 
i r 0 2 C CJ I\! T I I\J U E 
DC) 413 1\J6=1,IT 
I F ( EO ( hi B 'I l<) ., E 0 e 0 co) Gel TU 41 3 
KL(JH = !\l B 
GU TU 414 
4 1 3 C CJ i\I T I I\J U E 
414 DO 403 IU=l.,IT 
JE = IT +1- 1D 
IF ( E (,) ( J E '1 K) • E C) <II 0 co) GCJ TLl 403 
I(H I GH = J E 
GO TLl 409 
403 COi\IT I NUE 
P R I i\l T 40 7 'I J j\j , I V A R 
409 1F((KHIGH - KLUW).GE.249) GO TO 405 
IX= KHIGH - KLUW +1 
IF(IX.GT.LMAX)LMAX=IX 
DO 412 L=KLUW,KH1GH 
I S I-I 1FT = L + 1 - K liJ H 
t\ ( ISH 1FT ) = E Q ( L , K ) 
412 C CJI\J TIN U E 
C OI\J = - A L U A D ( J [\\ '1 K ) 
C/~LL TRI 
GO TO 401 
it- 0 5 P R I i\J T 40 8 , J j\J 'I I V I~ R , 1< L U H 'I l< H I G H 
401 CU[\iTII\1UE 
PETURr~ 
END 
SUBROUTH'IlE TRI 44 
c 
eRE IJ U C EST H E TOT A L S T IFF f\j E S S f"l A T R I X TOT H E U P I) E R T R I A [\j G LJ L A R /VI A T R I X 
C 
C 
C 
DIMENSION IEL(1000,3),COORD(1000,2),NVAR(1000,2),JEL(1000,R), 
1 NEPN(1000),ALOAD(1000,Z),A(Z50)~B(50000),C(ZOOO),MC(ZO00), 
Z EQ(ZOOO,Z),XK(6,6),OEFL(ZOOO),SIGRR(1000),SIGZZ(1000), 
3 SIGTH(1000},SIGRZ(lOOO),SIG1(200),SIGZ(ZOO),ANGLE(ZOO} 
DIMENSION SRR(1000),SZZ(lOOO),STH(lOOO),SRZ(lOOO) 
C 0 ['1111\1 U I\J A, B , C , E l~) , X 1< , C U li R D , ~J , A L (l AD, CON, C 1 1 'I C 1 Z , C 1 3 , C Z Z ,C 2 3 ,C 3 3 ., C L:_ i: ., 
1 S f\J U , U E F L , S I G R R , S I (j Z Z , S I G T H , S I G R Z 'I I E L 'I hi V t-i R ., ,J c L , i\] E P I\J , j'\1 E , i\1 J , I V /\ F!. , 
Z K L (J hi 'I K H I G H , IT, j/i C , E 'I J i\i 'I i\J 1 , j\! Z , L ['II A X , SIC; 1 , SIC; Z 'I /\ N G L E 'I T /\1 C 'I 
3 SI,PI,SRR,SZZ,STH,SRZ,JLRS 
I = IVAR 
IF(IeGT.l) GU TU 16 
fvlC ( 1) = 1 
16 LH-iIT=50000 
f~ L = f< L (J \,.,j 
KH = KHIGH + 1 - KLOW 
KlJ = I-I 
IF(KU.lE.O) GO TO 4 
3 Kl=O 
IF(KLJelT.KL)GU TD 4 
Z DU S KA=KL,KU 
1<1=1<1+1 
L L = [V! C ( K (I. ) 
L U = "jl C ( K A + 1 ) - 1 
Ll=K1 
DU6 L=LL,LU 
L1=Ll+1 
A(L1)=A(L1)+B(L)*A(K1) 
IF(L1.LE.KH) GU TO 6 
IF{A(L1J.EQ.0.) GO TO 6 
15 KH=L1 
6 C 0 i\! TIN U E 
CON=CON+A(Kl)*C(KA) 
5 CD[\IT lj\lUE 
4 K1=I+I-KLOW 
KL=Kl+l 
L=fviC(I)-l 
DO 7 KB=KL,KH 
IF(A(K1).NE.O.) GO TO 10 
11 ERR=I 
GD TO 17 
10 COI\(T I f\JU E 
L=L+l 
B(L)=-A(KB)/A(K1) 
7 C 0 f\j T I j\j U E 
[i!C ( 1+1 ) = L + 1 
C(I)=-CU[,\j/A(K1) 
IF(L.LE.LIMIT) GO TO 19 
13 ERR=-I 
17 
1 Cl o 
100 
20 
101 
If (ERR)18,19,20 
HRITE(6,lOO)ERR 
FOR IJi A T ( ,- ~:~ ~:~ ~:~ ~:, ~:~ B V E C T (J R (J V E R FLO \lJ E 0 ATE QUA T I 0 f\j NO.,', F 5 • 0 ) 
CA.LL SYSTEfli 
!/J R I T E ( 6 'I 1 0 1 ) ERR 
FUR jVi A T ( I - ~:( ~:( ~:n:~ ~:( Z E R [J 0 N D I A G (] i\j I~ L 0 /\J E 0 U A T I 0 I ~ [\i 0 'lI • 'I F 5 • 0 ) 
CALL SYSTEi"~ 
19 RETURN 
END 
45 
SUBROUTINE BACK 46 
C 
C DETERMINES THE UNKNOWN DISPLACEMENTS 
C 
C 
C 
DIMENSION IEL(lOOO,3),COORD(lOOO,2),NVAR(lOOO,2),JEL(lOOO,8), 
1 NEPN(lOOO),ALOAO(lOOO,2),A(2S0),B(SOOOO),C(2000),MC(2000), 
2 EQ(2000,2),XK(6,6),DEFL(2000),SIGRR(lOOO),SIGZZ(1000), 
3 SIGTH(1000),SIGRZ(lOOO),SIGl(200),SIG2(200),ANGLE(200} 
DIMENSION SRR(lOOO),SIZ(lOOO),STH(lOOO),SRZ(lOOO) 
COMMUN A,B,C,EQ,XK,COORD,W,ALOAD,CON,Cll,C12,C13,C22,C23,C33,C44, 
1 SNU,DEFL,SIGRR,SIGZZ,SIGTH,SIGRZ,IEL,NVAR,JEL,NEPN,NE,NJ,IVAR, 
2 KLOW,KHIGH,IT,MC,E,JN,Nl,N2,LMAX,SIGl,SIG2,ANGLE,TNC, 
3 SI,PI,SRR,SZZ,STH,SRZ,JLRS 
NZ=IT-l 
DO 1 I=l,NZ 
JE=IT-I 
JL=MC(JE) 
JU=MC(JE+l)-l 
J2=JE 
001 J=JL,JU 
J2=J2+1 
C(JE)=C(JE)+B(J)*C(J2) 
1 CONTINUE 
RETURN 
END 
SUBROUTINE STRESS 47 
C 
C COMPUTES THE STRESSES 
C 
C 
C 
DIMENSION IEL(1000,3),COORD{1000,2),NVAR(1000,2),JEL(1000,8), 
1 NEPN(1000),ALOAD(1000,2),A(250),B(50000},C{2000),MC(2000), 
2 EQ(2000,2),XK(6,6),DEFL(2000),SIGRR(1000),SIGZZ(1000), 
3 SIGTH(1000),SIGRZ(1000),SIG1(200),SIG2(200),ANGLE(200) 
DIMENSION SRR(1000),SZZ(1000),STH(1000),SRZ(1000) 
DIMENSION Sl(200),S2(200} 
COMMUN A,B,C,EQ,XK,COORD,W,ALOAD,CON,C11,C12,C13,C22,C23,C33,C44, 
1 SNU,DEFL,SIGRR,SIGZZ,SIGTH,SIGRZ,IEL,NVAR,JEL,NEPN,NE,NJ,IVAk, 
2 KLOW,KHIGH,IT,MC,E,JN,N1,N2,LMAX,SIGl,SIG2,ANGLE,TNC, 
3 SItPI,SRR,SZZ,STH,SRZ,JLRS 
DO 4 1= 1, N J 
SIGRR(I)=O. 
SIGZZ{I)=O. 
SIGRZ{I)=O. 
SIGTH(I)=O. 
4 C [I i\l T I 1\1 U E 
K=O 
L=O 
00 5 I=l,NJ 
DO 5 J=1,2 
IF(NVAR(I,J).EQ.O) GO TO 20 
K=K+l 
L=L+l 
DEFL(K)=C(L) 
GO TO 5 
20 K=K+l 
DEFL(K)=O. 
5 CONTINUE 
DO 6 I=l,NE 
NA=IEL(I,l) 
NB=IEL(I,2) 
NC=IEL(I,3) 
RA=COORD ([\lA., 1) 
ZA=C(]ORD(NA,2) 
RB=COORO(NB,l) 
ZB=COURO(NB,2) 
RC=COORO(NC,l) 
ZC=COORO(NC,2) 
ST= RC*(ZB-ZA)+RA*(ZC-ZB)+RB*(ZA-ZC) 
H11= (RC*ZB-RB*ZC)/ST 
H21=(ZC-ZB)/ST 
H31=(RB-RC)/ST 
H13=(RA*ZC-RC*ZA)/ST 
H23=(ZA-ZC)/ST 
H33=(RC-RA)/ST 
H15=(RS*ZA-RA*ZB)/ST 
H25=(ZB-ZA)/ST 
H35=(RA-RB)/ST 
IU=2:::Q EL (I., 1 )-1 
IV=IU+1 
JU=2:::Q EL (1,2 )-1 
JV=JU+l 
KU=2:::QEL (1,3 )-1 
KV=KU+l 
UA=DEFL(IU) 
VA=DEFL(IV) 
UB=DEFL(JU) 
VB=DEFL(JV) 
UC=DEFL(KU) 
VC=DEFL(KV) 
RO=(RA+RB+RC}/3. 
ZO=(ZA+ZB+ZC)/3. 
EPSRR=(H21*UA+HZ3*UB+H25*UC) 
EPSZZ=(H31*VA+H33*VB+H35*VC) 
48 
EPSRZ=(H31*UA+H33*UB+H35*UC+HZl*VA+H23*VB+H25*VC) 
E POT H = ( ( H 11 ~:~ U A + H 13 ~:~ U B + H 1 5 ~~ U C ) + Z 0 ,:~ ( H 3 1 ,:~ U A + H 3 3 ::~ U B + H 3 5 ::~ U C ) ) I R 0 + E F' S R F( 
SRR (I ) =Cll:;':EPSRR+C12::~EPSZZ+C13::~EPUTH 
SZZ (I ) =CIZ::~EPSRR+CZ2':(EPSZZ+C23:!(EPOTH 
S T H ( ! ) = C 1 3 :!~ cPS R R + C Z 3 ::~ E P S Z Z + C 3 3 ::' E POT H 
S R Z ( I ) =C 44 ):~ E P S R Z 
0010 N=1,3 
JX=IEL(I,N) 
R=COORO(JX,l) 
Z=COURD(JX,Z) 
IF (ABS(R).LE.l.E-03) GO TO 1 
E PST H = ( ( H 1 1 ;;, U A + H 13 ::' U B + H 15 :!, U C ) + Z ':' ( H 3 1 'HJ A + H 3 3 ,nJ B + H 3 5 ':' U C ) ) I R + E P S FZ I-~. 
GO TO Z 
1 EPSTH=EPSRR 
2 SIGRR(JX)=Cl1*EPSRR+CI2*EPSZZ+CI3*EPSTH +SIGRk(JX) 
SIGZZ(JX)=CIZ*EPSRR+C22*EPSZZ+C23*EPSTH +SIGZZ(JX) 
SIGTH(JX)=C13*EPSRR+C23*EPSZZ+C33*EPSTH +SIGTH(JX} 
SIGRZ(JX)=C44*EPSRZ +SIGRZ(JX) 
10 CONTINUE 
6 C Of\l T I I\]U E 
DO 9 1=1, N J 
SIGRR(I )=SIGRR(I )/NEPN(I) 
S I G Z Z ( I ) = S I G Z Z ( I ) I j\J E PN ( 1 ) 
SIGTH(I )=SIGTH(I )/NEPf\l(I) 
SIGRZ (I )=SIGRZ(I )/NEPi\J(!) 
9 CO[\JTlf\lUE 
IF(N2.EQ.0) GO TU 400 
DO 300 I =Nl ,.r\l2 
J=I-Nl+l 
S 1 ( J ) = co 5 ::q S I G RR ( I ) + S I G Z Z ( I ) } 
S 2 ( J ) = S Q R T ( ( e 5 ::' ( S I G R R ( 1 ) - S I G Z Z ( I ) ) ) ':0:< 2 + S I G R Z ( I ) ::,:!, 2 ) 
SIGl(J)=Sl(J)+S2(J} 
SIG2(J)=Sl(J)-S2(J) 
ANGLE(J)=180.*ATAN(-SIGRZ(I )/S2(J})/PI 
300 CONTII\JUE 
400 CONTINUE 
RETURN 
EI\ID 
SUBROUTINE OUTPUT 49 
C 
C PRINTS OUT THE DESIRED OUTPUT 
C 
C 
C 
1 
Z 
3 
1 
Z 
3 
106 
lIZ 
120 
1Z1 
107 
113 
108 
150 
151 
15Z 
155 
109 
110 
114 
1 
1 
III 
116 
1 
117 
1 
118 
DIMENSION IEL(1000,3),COORO(1000,Z),NVAR(1000,Z),JEL(1000,8), 
NEPN(lOOO),ALOAO(1000,Z),A(Z50),B(50000),C(ZOOO) ,MC{ZOOO), 
EQ(ZOOO,Z),XK(6,6),DEFL(2000),SIGRR(1000),SIGZZ(1000), 
SIGTH(1000),SIGRZ(1000),SIG1(200),SIGZ(ZOO),ANGLE(200) 
DIMENSION SRR(1000),SZZ(1000),STH(lOOO),SRZ(1000) 
COMMON A,B,C,EQ,XK,COORD,W,ALOAD,CON,Cll,C12,C13,CZZ,CZ3,C33,C44, 
SNU,DEFL,SIGRR,SIGZZ,SIGTH,SIGRZ,IEL,NVAR,JEL,NEPN,NE,NJ,IVAR, 
K LOW , K H I G H , IT, H C , E , J j\j , 1\1 1 , N 2 , L IVi A X , S I G 1 , S I (j 2 , A i\l G L E 'I T 1\1 C , 
SI,PI,SRR,SZZ,STH,SRZ,JLRS 
PRII\JT 106 
FORMAT(lH1,7X,'DISPLACEMENTS AT THE JUINTS IN INCHES'//) 
PRINT 112,IT 
FORMAT(14X,'TUTAL NUMBER OF UNKNOWN DISPLACEMENTS =',I5} 
P R I N T 1 20 , L [-':1 A X 
FURjvlA T ( 14X, I j~1AX II\1UfVj BANU V.! I DTH= • , 15) 
P R If\] T lZI, jVlC ( IT) 
FURMAT{14X,8LOCATIONS USED IN B ARRAY=',I5//) 
P R I1\lT 107 
FORNAT(8X, 8JOINTu,5X,·COORDINATES',14X, 'DISPLACEMENTS·) 
PRINT 113 
FORfvlAT(19X, 'RI,8X, IZ',13X, 'R',13X, eZI/) 
P R I f\l T 1 0 8 , ( I , COO R D ( I , 1 ) , COO R D ( I , Z ) ,DE F L ( Z;;~ I - 1 ) , D E F L ( Z ~:~ I ) , I = 1 ,i \1 J ) 
FORMAT(II2,F9.2,F9.2,E16.4,E14.4) 
PR I ,\iT 150 
FDRf':IAT{lHl,7X,sCENTRDIOAL STRESSES IN THE ELEIJiEj\JTS 11\1 PSI'//) 
PRINT 151 
FUR Ivl A T ( 6 X, f E L E fV1 E NT. , 2 3 X , 'ST RES S E S U ) 
PRINT 15Z 
FORMAT(22X,URADIALI,10X,'AXIALu,9X,'TANGE.',10X,'SHEARSf) 
PRINT 155,(I,SRR(I),SZZ(I },STH(I ),SRZ(I),I=l,NE} 
FORMAT(I12,4E15.4) -
P R II\JT 109 
FORMAT(lH1,7X,'STRESSES AT THE JOINTS IN PSI'//) 
PRINT 110 
FORivIAT(8X, ijOINT' ,4X, 'COORDINATES i ,27X, 'STRESSES; j 
PRINT 114 
F 0 R~~ A T ( 19 X, I R ' ,6 X, I Z ' ,9 X , • R A 0 I A L U , lOX, t A X I A L I , 9 X , • T A [\l G E • I , lOX, 
·SHEARI/) 
P R IN TIll, ( I ., C OU R D ( I , 1 ) , COO R D ( I , 2 ) , S I GR R ( I ) ., S I G Z Z ( I ) ., S I G T H ( I ) , 
S I GRZ ( I ) ,I =1 ,f~J ) 
FORMAT(I1Z,F9.2,F7.Z,4E15.4) 
IF(N2.EQ.0) GO TO 100 
PRINT 116,N1,N2 
FOR MAT ( 1 HI, 7 X , • P R I [\J C I PAL S T RES S E S I [~ R - Z P L A i\] E FRO IVI J 0 I I\J T f\l U I'lt B E R i 
,I5,3X, 'TO JUINT NU!V1BER',I5////) 
PRINT 117 
FOR Iv1 A T ( 8 X, • J U I h1 T U , 5 X, • COO R 0 I NAT E S • , 11 X, I P R II\] C I PAL S T RES S E S I , 7 X , 
i Aj~GLES 8 ) 
PRIi~T 118 
FORf\1A T ( 19 X, I R • ,8X ., B Z I , 13X , , 1 • ., 13X, • 2 U / ) 
hj 2 = N 2-N 1 + 1 
DO 130 J=I,I\]2 
I=J+N1-1 
P R I I\J T 11 9 , I , COO R D ( I , 1 ) , COO R D ( I , 2 ) , S I G 1 ( J ) , S I G 2 ( J ) ., A hj G L E (J ) 
130 CONTINUE 
119 FORMAT(I12,2F902,2X,2E14.4,Fll.Z) 
100 PRINT 115 
115 FORMAT(lHl,'OUTPUT FINISHEDU) 
RETURN 
END 
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Appendix IV 
TWO AND THREE-DIMENSIONAL ISOPARAMETRIC ELEMENTS 
1. Introduction 
During the past decade, the finite element method has been used for 
obtaining solutions to various problems in both structural engineering and 
continuum mechanics. The method is an approximate method of analysis in 
which the structure is idealized into various subregions referred to as 
elements. The accuracy of the solution' depends on both the structural ideal-
ization and the element characteristics or element properties. 
It is desirable that the element properties be such that they do not 
violate the compatibility between adjacent elements, although non-compatible 
elements have been used successfully for solutions of bending problems. 
In the idealization of a continuum by finite elements, the element sizes 
should be small in regions of high stress gradients in order to minimize the 
violation of local equilibrium. 
In general the accuracy of the solution wi.ll improve with an increase 
in the number of elements. Another and frequently better way for improving 
the accuracy of the solution is to increase the number of degrees of freedom 
per element (1). This requirement can be fulfilled by two approaches. One 
approach is to define more variables such as the first and the higher de-
rivatives of the displacement at each node (higher nodal valancy (2)). A 
second approach is to define additional intermediate nodes in the element. 
The latter approach although it possesses a lower nodal valancy, it improves 
the compatibility between adjacent elements. There is a 1 imit in the extent 
one should go in either approach however, since at the extreme the finite 
element procedure would be converted back to the Ritz procedure from whence 
it came. 
Aside from the consideration of improving accuracy, one is forced to 
increase the number of elements along irregular or curved boundaries in 
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order to improve the geometrical ideal ization of the continuum. A similar 
situation exists in ideal ization of a curved surface (shell) by flat plate 
elements. This difficulty in the mismatch of curved boundaries by straight 
edge elements can be overcome by the use of isoparametric elements (2)(3). 
With this family of elements it is possible to define a straight, a parabol ic, 
a cubic, and even higher order curves for the sides of the element by in-
creasing the number of intermediate nodes. The use of isoparametric elements 
thus reduces the number of elements necessary to reasonably represent an 
irregular or a curved boundary. Furthermore, it has been found that these 
elements not only minimize the geometric ideal ization of the original struc-
ture but provide an effective and efficient element for the computation of 
displacements and stresses. 
2. Coordinates and Shape Functions 
The basic shape of the element is a quadrilateral in two dimensions 
and a hexahedron in three dimensions. When onlY,corner nodes are defined, 
the edges must be straight. When an additional node is defined on each 
edge, the edges can be parabol ic (4). Two intermediate 'nodes on each' edge 
give an element which can attain a cubic,curve along any or a1 1 of its edges, 
Fi g. 1. 
To start with, a two dimensional element is defined in the local 
curvilinear coordinate system ~,~ (isoparametric coordinates), Fig. 1. Simi~ 
1arly a three dimensional element is defined by ~,~,~. For the sake of sim-
pl icity, unle~s otherwise specified, the discussion will be 1 imited to two 
dimensional elements. The extension to three dimensional elements is obvious 
even though admittedly somewhat tedious. 
The displacement field within the element, in terms of the isoparametric 
coordinates ~ and ~, is defined by 
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n 
u(~,T}) = Nl u 1 + N2 u2 + =L N.u. (1 a) I I i=l 
n 
v (~ ,'fl) = Nl v l + N2 v2 + =2."; N.v. (lb) I I 
where 
i=l 
n = number of nodes in the element, 
N. = LaGrangian interpolation functions or shape functions 
I 
for node i, so defined that they are unity at node i and 
zero at all other nodes. The 'shape functions are functions 
of the isoparametric coordinates, 
ui,V i = nodal displacements. 
By defining the displacements in the cartesian coordinate system and 
evaluating them at the nodal points of the element, and then substituting 
the res u 1 t sin toE q. (1), the t ran s 0 f r rna t ion r e 1 a t ion s be twe en the car t e s ian 
and the isoparametric coordinates are obtained. 
In the cartesian coordinate system x-y, the displacement field is 
assumed to be 
. . . . . . . . . . . . . . . . . . . . . (2a) 
(2b) 
where at sand bls are arbitrary constants. For simpl lcity' s sake only the 
constant and the linear terms in the polynomials are considered in the 
presentation. This corresponds to the constant st~arn case. Higher order 
terms in the polynomials are considered in a simi lar manner. 
Eva 1 ua t i.ng Eq. (2a) at node i and substituting into Eq. (1) yields 
n n n n 
u(g,T}) =2: N i (a 1 +a 2 x i +a 3 y j ) = a 1 I: N.+a 2 2: N.x.+a 3 L N.y. (3) i=l i=l J i=l I I i=l J I 
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A similar expression is obtained for the v-displacement. A comparison of 
Eqs. (2-a) and (3) gives 
n 
x =L N.x. I I . . . . . . . . . . . . . . . . . . . . . . . . . (4a) i=l 
n 
y =2: N.y. I I • • • • • • • • • • • • • • • • • • • • • • 0 • • (4b) i=l 
n 
=2: N. I • • • • • • • • • • • • • • • • • • • • • • • • • 0 (4c) i=l 
An examination of Eq. (4) reveals that the first two equations are the trans-
formation relations between the cartesian and the isoparametric coordinates 
(since No's are functions of 1; ,11). Equation (4c) is an identity which can 
I 
be derived from either Eq. (4a) or (4b) in the 1 imit when the element size 
shrinks to zero. For example considering the first equation at the 1 imit 
wh ere a 11 xi' san d t h u s x a p p r oa c h a val u e x 0 • Sub s tit uti 0 n into E q. ( 4a ) 
yields 
N. 
I 
(5) 
which after dividing by Xo takes on the form of Eq. (4c). 
3. Compatibi lity and Convergence 
For a solution to converge to the true solution, it is necessary that 
the displacements along the boundaries of the adjacent elements be continuous 
(5). This condition is satisfied if the displacement along an edge between 
the adjacent elements is uniquely defined in terms of the displacements of the 
nodal points.along that boundary line and that the boundaries of the adjacent 
elements fit with each other before any deformation has taken place. Since 
the displacements and the coordinates along the edge of an element are 
functions of the nodal displacements and the nodal coordinates, Eqs. (1) and 
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(4a-b), respectively, the compatibility of the displacement between adjacent 
elements is satisfied. 
Another condition for convergence is that the displacement field should 
be such that the elements can undergo a rigid body motion without being 
strained. The constant terms in the expression for displacements, Eq. (2) 
satisfy the rigid body translation whi Ie the 1 inear terms satisfy the rigid 
body rotation requirements. 
Finally it is necessary that a state of constant strain can be repro-
duced in the element (1). This condition stems from the fact that as the ele-
ment size reduces a near constant state of strain prvails in the element. 
Again Eq. (2) satisfies this condition. 
Therefore the 'ljsoparametric family" of elements satisfies the con-
dition of compatibility between adjacent elements, is able to undergo rigid 
body motion, and can reproduce the desired state of constant strain. There-
fore, all conditions for monotonic convergence are satisfied. 
4. Generation of Polynomial Shape Functions 
As mentioned earlier the possible variation of both cartesian coordi-
nates and displacements along the side of an element depends on the number 
of nodes defined on that side. If only corner nodes are defined, the co-
ordinates and displacements can vary only 1 inearly with respect to the iso-
parametric coordinates. They can be quadratic if an additional mid node 
is defined and cubic when there are two intermediate nodes (4, 6). 
Suitable polynomials for various elements which satisfy the necessary 
conditions of continuity can be written by including only the terms which 
give the appropriate variation along the sides of the elements. For example, 
considering the linear element, Fig. (la), one can write 
x == a l + a2 ~ + a3 11 + a4 ~'11 = [1, ~, 11, ~11] (a j} ....... ,(6) 
substituting the nodal values 
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x = xl s = 11 = -1 
x = x2 S = 1 , 11 ::: -1 
x = x3 S = iJ. ::: 1 
x = x4 (; ::: -1, 11 = 
one obta i ns 
[x. } = [C] [0: . } i I . . . . (7) 
where [C] is a square matrix containing the nodal coordinates. 
I nve r s i on of Eq. (7) gives 
[a.} ::: [ C ] - 1 [x.} 
I I 
Substitution of Eq. 
x= [1, S, 'I"} , 
(8) into Eq. (6) yields 
(;11 ][C]-l [x.} 
i 
. . . . . . . . . . . . . (8) 
. . . . . . . (9) 
A comparison of Eqs (4) and (9) give the shape functions 
. . . . (10) 
The shape functions N1-N4 can also be written by inspection by recall ing the 
fundamental property of the shape function which was defined in Sec. 2, 
i.e., the shape function for node i, n., 
I 
a zero value at all other nodes. Thus, 
1 N 1 ::: '4 (1 -s) (1 -11) 
1 
has a unit value at node i and has 
N 2 ::: '4 (1 +s) (1 -11) 
. . . . . . • . . . . . . . . . . . . . . . . (1 1) 
1 
N 3 '4 (1 +s) (1 +11 ) 
1 
N 4 ::: '4 (1 -i;) (1 +11 ) 
or in a more concise form 
N. ::: -41 (1 + s s .) (1 + 1111.) 
I I I 
. . . . . . . . . . . (12) 
It is seen that these functions are formed by the product the equations 
of the opposite edges of the element. Therefore, they are zero on the nodes 
on the opposite edges. 
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5. Stiffness Matrix for a Three Dimensional Isoparametric Element 
In this section the stiffness matrix for a three dimensional isopara-
metric element is formulated. For simpl icity and in order to avoid lengthy 
equations, index notation is employed in the formulation of the stiffness 
matrix. Superscripts and subscripts are used to denote, respectively, the 
location and the direction of displacements and coordinates (contrary to 
sec. 2.2). Thus u~ refers to the displacement of node n in the i-direction. 
I 
For n = 10 and i = 2, u~O denotes the displacement of node 10 in the y direction 
( . h 1 d . 10 ld b db) In t e more common y use notation u2 wou e expresse y V lO . In a 
similar manner x. refers to the x, y, z directions for i = 1, 2, 3, respectively. 
i 
When an index is repeated a summation is impl ied. 
With the above notation the displacement and the coordinate in the 
i-direction in terms of both the shape function and their nodal quantities 
are 
Nm m u. = u. I I (13) 
Nm m x. = X. 
I I 
. . . . . . . . . . . . . . ~ . . . . . . . . . . . (14) 
The transformation matrix between the cartesian and the isoparametric co-
ordinates is obtained by computing the Jacobian matrix 
ox. 
[J .. 1 
IJ = [~] I 
[J .. ] where 
IJ 
. . . . . . (15) 
The inverse of the Jacobian matrix [L jk ] is obtained from 
. . . . . . . .. (16) 
where 0jk is the Kronecker delta. In ordinary notation 
[L] = [J1- 1 . . . . . . . . .......... (17) 
Sub s tit uti 0 n of E q. (1 4) i n toE q. ( 1 5) g i ve s the Ja cob ian ma t r i x i n t e r m s 0 f 
derivatives of shape functions and nodal cartesian coordinates 
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[J .. ] 2\Nm m = [~][x.] IJ i J 
o ., 0 iii 0 It ·t ~ • 0 0 • III • 0 • 0 ., e It 0 • e ( 18) 
duo duo 
E •• = (~+~) IJ 2 . . . • . . . . . . . . . . . . . . . . . . (19) J I 
Differentiating Eq. (13) with respect to x. and making use of the inverse 
J 
of the Jacobian matrix, we obtain 
. . . . . . . . . . . . . . . . . . . (20) 
which upon substitution into Eq. (19) gi'ves 
• • • • • • • • • • • • 0 • • • 0 (21) 
The stresses are related to strains by 
a = E E pq' pq i j i j 
where E .. is the 4th rank elasticity tensor. For isotropic material pqlJ 
the elasticity tensor is given by 
(22) 
E '. = A 0 o. 0 + fl (0 .0 . + 0 .0 .) • • 0 pq I J pq I J P I qJ P J q I . . . (23) 
where ~ and fl are constants which are related to Young s modulus E, and 
Poisson's ratio v, by 
A. = (1 +v) (1 -2 v) , 
vE E 
= 2 (1 +v) .......... (24a -b) 
If the element is given a virtual displacement ~Un, the corresponding 
change in strain is 
I[ n n ()~n oE = - L ou + L ou ] ~ pq 2 q~ P pi q US~ • • • • • • 0 • (25) 
The internal work done by this virtual displacement is 
Wint = 1v Vpq BEpqdV • • • ••• • ••• (26) 
The external work is obtained from the product of nodal forces and the 
virtual displacement. Thus 
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(27) 
Substituting Eqs. (22), (23), and (25) into Eq. (26) and then equating Wint 
and W
ext ' we obtain 
Knm m = p~ j£ u£ J til • It • 0 II • 0 ., • Q 0 tI ., G " Gee It c 0 . . (28) 
Where K~; is the stiffness matrix for an isoparametric element and it is 
given by 
aNn dNm K~~ ~ j (~Ln L. + ~L L c'n + ~L. Ln ) ~ ~ dV ...... (29) JXI V XIS Jr ps pr JX1 JS Xlr 01; 01; 
r s 
where 
For plane problems the differential volume dV, is replaced by a differential 
a rea dA. 
Due to the comp 1 ex i ty of the st i ffness matr ix, Eq. (29), the ma nua 1 
integration and the evaluation of various terms of the matrix is a prohibitive 
task. A procedure which has been used successfully by many investigators 
in evaluating complex stiffness matrices is the use of numerical integration; 
various numerical integration schemes are available. One of the more 
efficient and yet simple numerical integration procedures is the Gussian 
quadratic formula (7). This method can be used to numerically integrate 
and evaluate the terms of the stiffness matrix, Eq. (29). 
6. Appl ication of Isoparametric Elements 
The most important aspect of the isoparametric element is its 
abi lity to conform with curved boundaries. In addition they very nicely 
satisfy the necessary requirements for convergence (see sec. 3). 
For two dimensional problems where the variation in boundary geometry 
is small (no sharp curvature) the isoparametric element does not offer much 
advantage over the ordinary triangular or rectangular elements. Ofcourse 
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the rectangular element is nothing more than a special case of the more 
general isoparametric element. Certainly the formulation of the stiffness 
matrix for an isoparametric element which includes curved edges is more 
complex than the ordinary triangular or rectangular elements. However, when 
there are sharp variations in boundary geometry, the use of isoparametric 
elements allows the analyst to define the boundaries of his problem with 
fewer elements. Furthermore, it is possible to use a mixed element, i.e. 
an element with various degree polynomials representing its boundaries. Thus, 
an element might have a cubic variation on one edge, quadratic variation on 
the second edge, and a 1 inear variation on the third edge (3), Fig. 1 (d). 
The use of such elements enables the analyst to use elements with higher 
degrees of freedom in regions of high stress variation while maintaining 
elements with lower degrees of freedom elsewhere. 
The isoparametric element offers a greater flexibil ity in three 
dimensional problems. For a three dimensional problem large numbers of ele-
ments are needed to properly discretize the continuum, resulting in an 
increased number of simultaneous equations. A refined mesh necessary for 
a better representation of boundaries and for regions of high stress varia-
tion is very uneconomical. With the use of isoparametric elements it is 
possible to economically investigate the response of complex three dimen-
sional structures subjected to various loading combinations. 
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